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Abstract
This paper formulates generalized versions of the general principle of relativity and 
of the principle of equivalence that can be applied to general abstract spaces. It is 
shown that when the principles are applied to the Hilbert space of a quantum parti-
cle, its law of coupling to electromagnetic fields is obtained. It is suggested to under-
stand the Aharonov–Bohm effect in light of these principles, and the implications 
for some related foundational controversies are discussed.

Keywords  Aharonov–Bohm effect · Gauge symmetries · Principle of equivalence · 
Quantum mechanics

1  Introduction

The clarity and elegance of the description of the gravitational interaction in the 
general theory of relativity often seem to stand in contrast with the confusion which 
surrounds the description of interactions at the microscopic level through quantum 
theory and its successors. The workings of the requirement for general covariance 
(Einstein’s general principle of relativity) and the principle of equivalence leave 
comparatively little room for vagueness concerning the role of the abstract math-
ematical structures in general relativity. In this paper I propose a generalized version 
of these two principles in terms of symmetry and non-symmetry transformations. 
When the principles are applied to the Hilbert space of a quantum particle, its law of 
coupling to electromagnetic fields is naturally obtained.

As a central application I provide an analysis of the Aharonov–Bohm effect [1], 
an effect which remains controversial as it celebrates its 60th anniversary. I then 
focus on the role of topology in explaining the effect. In contrast to the central 
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existing accounts of the effect which explain it in terms of potentials, fields or holo-
nomies, the suggested account manifests the principle-theory approach described a 
century ago by Einstein [10]. It is further shown that the applicability of these prin-
ciples can be understood as a manifestation of the dependence of the interaction on 
relational quantities. This view suggests that the ontology of electromagnetism can-
not be understood in separation from that of quantum mechanics.

2 � The Principles

2.1 � Symmetries: A Generalized Principle of Relativity

In the course of the second half of the eighteenth century coordinate systems 
became a major mathematical tool used by physicists to represent physical systems. 
Coordinate systems allowed a common ground on which different kinds of motions 
in different physical contexts can be described [20]. The foundational significance of 
reference frames became apparent when inertial frames were introduced by Ludwig 
Lange [14] in 1885. Inertial frames replaced the heavy ontological commitment of 
Newtonian absolute space with a minimalistic, operationally defined, mathematical 
structure required in order to consistently apply Newton’s laws[7]. The special the-
ory of relativity further emphasized the foundational importance of inertial frames. 
The privileged set of inertial frames of reference now took the role of both obsolete 
notions of Newtonian absolute space and the luminiferous aether.

Surprisingly, the next major breakthrough, the general theory of relativity, was 
based on the banishment of inertial frames from their privileged status as general 
covariance was introduced. Einstein referred to the requirement for general covari-
ance as a generalization of the relativity principle of the special theory of relativity, 
describing it as follows [10]1:

What has nature to do with our coordinate systems and their state of motion? 
If it is necessary for the purpose of describing nature, to make use of a coordi-
nate system arbitrarily introduced by us, then the choice of its state of motion 
ought to be subject to no restriction; the laws ought to be entirely independent 
of this choice (general principle of relativity).

At first glance this principle seems like anything but a solid foundation for a physi-
cal theory. It is motivated by philosophical a priori reasoning, not by empirical evi-
dence. On the contrary, it is even in conflict with the successful physical theories 
that predated general relativity, and also with later successful theories such as quan-
tum field theories.

The principle regards the role of coordinate systems as a matter of mere labe-
ling that should make no difference. According to Earman [8] the principle can be 

1  Expositions of the principle along similar lines are found in Einstein’s more formal review of the the-
ory such as [9]. The conceptual relations between general covariance, relativity and symmetry are a mat-
ter of an enduring controversy [22]
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regarded as a manifestation of a general symmetry principle: any space-time sym-
metry of a physical theory should also be a dynamical symmetry of the theory. If a 
theory assumes that one space-time point is not inherently different from another, 
then the laws of motion should not discriminate between them and not depend upon 
their labels.

The generalization of the principle to spaces that are more abstract than space-
time is straightforward.
The generalized principle of relativity: The form of the dynamical law should not 
change under change of representation.

The principle is therefore relevant when physical states have different possi-
ble mathematical representations. The methodology it suggests is to attempt to 
change the theory in a way that extends its invariance properties under different 
transformations.

2.2 � Non‑symmetries: A Generalized Principle of Equivalence

The mathematical notion of general covariance that follows from the general princi-
ple of relativity does not provide by itself a sufficient basis for a gravitational theory. 
Likewise, in the different context of gauge theories, several philosophers have noted 
that the mathematical requirement of local gauge covariance cannot be held a sat-
isfactory justification for the derivation of interactions [4, 5, 24, 32]. The analogy 
between these two cases was noted by Lyre [16–18]. He suggested to supplement the 
requirement for local gauge covariance with a generalized equivalence principle, by 
analogy with the way the principle of equivalence supplements the requirement for 
general covariance in general relativity. Lyre’s generalized equivalence principle is 
formulated in analogy to the idea of equality of inertial and gravitational mass. Its 
role is to bridge the gap between mathematical gauge transformations and physical 
interaction fields. The generalized principle of equivalence I present here serves to 
fulfill the same role, but it is based on a different formulation of the principle of 
equivalence in GR, emphasizing its methodological role. It is an improved version 
of a methodological principle I recently presented in a previous paper [12].

The principle of equivalence becomes useful exactly where the general principle 
of relativity is violated, i.e. for those transformations under which the dynamical law 
changes its form. Einstein’s principle of equivalence sets off from the simplest case 
of non-symmetry transformations in special relativity, which is the transition to a 
uniformly accelerating frame of reference.

Can the principle of relativity be extended also to reference systems, which are 
(uniformly) accelerated relative to one another? The answer runs: As far as we 
really know the laws of nature, nothing stops us from considering the [accel-
erating] system K′ as at rest. If we assume the presence of a gravitational field 
(homogeneous in the first approximation) relative to K′.[...] The assumption 
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that one may treat K′ as at rest with all strictness without any laws of nature 
not being fulfilled with respect to K′ I call the principle of equivalence.”2

This simple “elevator” version of Einstein’s principle of equivalence can also be 
presented from a slightly different point of view. Consider a localized mechanical 
system. In special relativity the processes in the system would be described from 
the perspective of some preferred (inertial) reference frame by certain equations. 
The same processes would be described from the perspective of other (non-inertial) 
frames of reference by modified equations; the general principle of relativity is thus 
violated. The principle of equivalence provides a way to get rid of this violation by 
modifying the original theory. For this purpose the principle conjectures the exist-
ence of an interaction which modifies the original equations that describe this local-
ized system in exactly the same way as does the non-inertial change of representa-
tion. Empirical considerations identify this conjectured interaction with the effect 
caused by a uniform gravitational field.

The two principles therefore work together. In order to satisfy the general princi-
ple of relativity and have a theory that is invariant under passive change of coordi-
nates, the theory must include a parallel notion of active change.3 In the case of gen-
eral relativity this is an active change with respect to the metric field, which is the 
physical object that is described by coordinate systems. The gravitational interaction 
instantiates this active transformation.

From this perspective the principle of equivalence appears as a powerful episte-
mological principle: the mathematical scheme for moving from one representation 
to another in the interaction-free theory informs us of the form of the law of interac-
tion. We therefore suggest the following methodological principle.
Generalized principle of equivalence: For every possible change of the form of the 
dynamical law under change of representation, there is an interaction that is locally 
manifested as a change of an equivalent form.

It is important to note that while every change of representation is conjectured to 
have a parallel active change, the opposite is not necessarily true. The early contro-
versies regarding the principle of equivalence in general relativity were in large part 
due to the fact that the effect of gravity in the theory is generally not equivalent to 
the effect of a change of frame of reference. Spacetime curvature cannot be removed 
by a transformation of the coordinates. Thus, despite the notion of equivalence 
between coordinate transformations and some gravitational effects, the introduction 
of the gravitational interaction enriches the theory with new phenomena that cannot 
be regarded as a different description of interaction-free situations. Einstein empha-
sized in this context that “one may in no way assert that gravitational fields should 
be explained so to speak purely kinematically [...] Merely by means of acceleration 
transformations from a Galilean system into another, we do not become acquainted 
with arbitrary gravitational fields, but those of quite a special kind. [...] This is only 

3  To avoid ambiguities, it is emphasized that the terms ‘passive’ and ‘active’ are used throughout this 
paper to distinguish between transformations of the mathematical representation (that do not alter the 
physical state), and transformations which replace one physical configuration with a different one.

2  From Einstein’s reply to Friedrich Kottler, Annalen der Physik 51:639–642 (1916) as, quoted in [21].
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again another formulation of the principle of equivalence.”4 We shall see that the 
same is true for the generalized principle. In general, neither the kinematics nor the 
dynamics of the interaction would be uniquely determined by the generalized princi-
ple of equivalence.

The generalized principle of equivalence therefore establishes a methodology that 
adds an interaction to an interaction-free theory. The form of the law of interaction 
is derived based on a generalization of the active counterparts of the non-symme-
tries of the interaction-free theory.

3 � Applying the Principles in Hilbert Space and the AB Effect

Various reconstructions of quantum theory set off from principles about informa-
tion or locality, from which they derive some properties of the quantum structure. 
In contrast, the approach presented here does not attempt to reconstruct quantum 
theory from scratch. Instead, the two generalized principles are applied in the given 
Hilbert space of a free quantum particle to get the interaction.

3.1 � A Quantum Particle on a Ring

We begin with a simple case. Consider a quantum particle of mass m that is confined 
to a thin ring of radius R. The position basis can be parametrized by the polar angle 
� , such that the position eigenstates are written as ��⟩ . The momentary state �� (t)⟩ 
of the particle can be expressed in terms of the wavefunction � (�, t) = ⟨��� (t)⟩ . 
The angular momentum operator can be written in terms of a derivative of the wave 
function: L̂ = −i�𝜕∕𝜕𝜃 . The Hamiltonian is Ĥ = L̂2∕2mR2 , and the Schrödinger 
equation is

The eigenfunctions are �n(�) =
1√
2�
ein� , and the energy spectrum is given by:

On the backdrop of these familiar consideration it is now possible to apply the two 
principles. In order to do this we first need to ask what are the possible different rep-
resentations of the states of the particle, and what would count as a change of repre-
sentation. In quantum mechanics the answer is obvious: the different representations 
for the states of the systems are different bases of the Hilbert space. The transfor-
mations between the different representations are passive unitary transformations. 
They replace a representation in one basis with a representation in another basis. 
For every unitary transformation there is a third basis which is a preferred basis for 

(1)iℏ
��

�t
= −

ℏ2

2mR2

�2�

��2
.

(2)�n =
ℏ2

2mR2
n2.

4  See Footnote 2.
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the transformation in the sense that in this basis the transformation takes a diagonal 
form. That means that the variables changed in the transformation are the relative 
phases between the basis states.

In this example we limit ourselves to those unitary transformations which are 
diagonal in position basis. These transformations take the form

The wave function transforms accordingly: 
� (�, t) = ⟨���⟩ → � �(�, t) = ⟨����⟩ = ei�(�)� (�, t) . The transformation law of the 
operators is based on the fact that every linear operator B̂ can be expressed as a lin-
ear combination of matrix elements of the form ��1⟩⟨�2� , and therefore transforms as 
B → B� = UBU† . The angular momentum operator therefore transforms as

with:

Thus, the dynamics is given by the Schrödinger equation (1) only for a preferred 
representation in which L̂ = −i�

𝜕

𝜕𝜃
 . Paul Dirac had similarly noted the many possi-

ble representations of the momentum operators [6]. To the preferred representation 
(in which pj = −iℏ

�

�xj
 ) he had referred as “Schrödinger’s representation”.

It is straightforward to see that this situation does not satisfy the generalized prin-
ciple of relativity. The dynamical law takes a preferred form in a given representa-
tion, with an additional term added in other representations. (This form is analogous 
to the way classical dynamics takes a preferred form in inertial frames.)

In order to extend the theory into a theory that is invariant under (3), we apply the 
generalized principle of equivalence. The effect of a change of frame of reference is 
given by (4). We therefore postulate the existence of an interaction that locally takes 
a similar form:

The transformed Schrödinger equation is therefore:

The term equivalence refers to the similar mathematical form of the two transfor-
mations (4) and (6), but it is clear that despite the similarity they represent differ-
ent things. The transformation (4) is a passive transformation which represents the 
same angular momentum operator in the transformed basis. The transformation (6) 
replaces the angular momentum operator with a local relation between the angu-
lar momentum and a physical (classical) field. This relation now takes the role of a 

(3)��⟩ → ���⟩ = U��⟩ = e−i�(�)��⟩.

(4)L̂ → L̂� = UL̂U† = −i�
𝜕

𝜕𝜃
− 𝜔(𝜃),

(5)�(�) ≡ −ℏ
��

��
.

(6)L̂ → −i�
𝜕

𝜕𝜃
− 𝜔̃(𝜃).

(7)i�
𝜕𝛹

𝜕t
=

1

2mR2

(
−i�

𝜕

𝜕𝜃
− 𝜔̃(𝜃)

)2

𝛹 .
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dynamic variable in the Hamiltonian. The temporal evolution is therefore an active 
change of the state of the particle with respect to the field.

The difference between the two transformations is not merely interpretational; 
they are also formally different. The transformation (4) was obtained out of a well 
defined change of basis (3) parametrized by the single valued function �(�) . From 
this it follows that ∮ 2�

0
�(�)d� = 0 . The natural generalization would be to remove 

this constraint, and regard the physical field 𝜔̃ as arbitrary. The simplest case of 
physical importance is that in which it is constant. In this case we can write: 𝜔̃ =

q𝛷

2𝜋
 

with q a coupling constant, and the Schrödinger equation (7) yields the energy spec-
trum: �n =

ℏ2

2mR2

(
n −

q�

2�ℏ

)2

 , which is empirically distinguishable from (2) [34].
These equations correctly describe the influence of a classical magnetic field on 

the ring, with � the magnetic flux through the ring and q the charge of the particle. 
The shift of the energy levels is the static version of the Aharonov–Bohm effect, in 
which the effect depends on the total flux through the ring, and is observable even if 
the magnetic field vanishes on the ring.

3.2 � A Quantum Particle Coupled to Electromagnetic Field and the Gauge 
Argument

In this subsection we start from the description of a single free quantum particle, 
and obtain the law of coupling of the particle to electromagnetic influence using the 
generalized principles. The derivation is similar to the case presented in the previous 
subsection.

The changing state of a quantum particle is represented by the time dependent 
spatial wave function � (�, t) = ⟨���(t)⟩ . A time dependent unitary transformation 
that is diagonal in position basis is given by a phase transformation that depends on 
both space and time:

Momentum operators transform:

with �i ≡ −ℏ
�

�xi
�(�, t) . And the energy operator:

with �0 ≡ −ℏ
�

�t
�(�, t).

The Schrödinger equation of a free particle

transforms to the equation

(8)��⟩ → ���⟩ = U��⟩ = e−i�(�,t)��⟩.

(9)p̂i → p̂i
� = Up̂iU

† = pi − 𝜔i(𝜃) = −i�
𝜕

𝜕xi
− 𝜔i(𝜃),

(10)Ê → Ê� = UÊU† = i�
𝜕

𝜕t
+ 𝜔0(�, t),

(11)iℏ
�

�t
� (�, t) = −

ℏ2

2m
∇2� (�, t)
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(with � for the vector field whose Cartesian components are �i).
The theory does not satisfy the generalized principle of relativity due to this non-

invariance. Like in the previous subsection, we apply the generalized principle of 
equivalence by introducing an interaction with an external field in order to obtain an 
extended invariant theory. The effect of the field on the particle is locally equivalent 
to a change of representation, therefore the energy and momentum operators trans-
form as

The transformed Schrödinger equation is therefore

The corresponding physical fields are identified when empirical considerations are 
taken into account: Equation (14) is identical to the Schrödinger equation coupled 
to electromagnetism that is obtained using standard minimal coupling procedure if 
�̃ =

q

c
�(r, t) and 𝜔̃0 = −qV(r, t).

Equation (14) is invariant under the transformation

The theory now satisfies the generalized principle of relativity if this transformation 
is regarded as one change of representation of the state of both the particle and the 
field. The physically significant quantities on which the interaction depends are the 
relations � −

q

c
� and E − qV  . The above transformation is a change of representa-

tion in the sense that it does not change these quantities.
Equation (14) describes the change of a wave function that is coupled to external 

physical fields. It corresponds to the well known Hamiltonian which takes the two 
fields into account:

The introduction of electromagnetic coupling into the free Schrödinger equation is 
commonly justified by the so called ‘gauge argument’, i.e. by imposing the require-
ment that the global symmetry transformation would hold as a local symmetry. As 
mentioned in the beginning of Sect. 2.2, this justification has been extensively criti-
cized as partial, at the most, primarily due to its construal as strictly mathemati-
cal. Local gauge covariance can be obtained by the introduction of a mathematical 
connection. Requiring gauge covariance can not explain the curvature that actually 
accounts for any observable effect of the interaction. Furthermore, this kind of justi-
fication leaves it unclear what is the role of empirical considerations.

(12)
(
iℏ

�

�t
+ �0(�, t)

)
� (�, t) =

1

2m
(−iℏ∇ − �(�, t))2� (�, t)

(13)pi → pi − 𝜔̃i E → E + 𝜔̃0.

(14)
(
i�

𝜕

𝜕t
+ 𝜔̃0(�, t)

)
𝛹 (�, t) =

1

2m
(−i�∇ − �̃(�, t))2𝛹 (�, t).

(15)

��⟩ → e−i�(�,t)��⟩ � → � −
ℏc

q
∇�(�, t) V(�, t) → V(�, t) +

ℏ

q

�

�t
�(�, t).

(16)H =
1

2m

(
p −

q�

c

)2

+ qV .
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Indeed, according to the presentation of the step in this section, the aim to achieve 
local gauge covariance is not held as a justification for the step, nor as an explana-
tion for the interaction, but rather as a motivation for modifying the theory in a par-
ticular way. This modification postulates the existence of some additional physical 
field, and an interaction of the particle with it. The generalized principle of equiva-
lence provides the simplest way to construct gauge covariant dynamics for such an 
interaction. In this sense it is a methodological principle (in the same sense that is 
presented in detail in [12]). When following the principle, we are not guaranteed 
that it would lead us to the correct dynamics, nor do we know what kind of interac-
tion would be described. The transition from (14) to the actual Schrödinger equa-
tion of a particle coupled to electromagnetic fields is where empirical input becomes 
essential.

3.3 � The Dynamical Aharonov–Bohm Effect

The principle of equivalence states that every change of representation has a parallel 
interaction that induces change of the same form, but not vice versa. A change in the 
curvature has no equivalent change of coordinates. This is also the case with the 
equivalence between local phase transformations and coupling to electromagnetic 
fields. One way to see it is to note that even though a change of basis does change 
the form of the momentum operators according to (9), it does not change the com-
mutation relation between them ( 

[
p�
i
, p�

j

]
=
[
pi, pj

]
 as a direct result of the definition 

� = −ℏ�� ). In contrast, the replacement in (13) of pi with �i ≡ pi −
q

c
Ai may gen-

erally change the commutation relations, since A is arbitrary. It is easy to see that the 
relation 

[
�i,�j

]
 is proportional to a component of the magnetic field.

What about the case 
[
�i,�j

]
=
[
pi, pj

]
= 0 ? It may be tempting to think that if 

this condition holds in a given region of space, then there is no real electromagnetic 
influence on that region, as a simple change of basis would suffice to undo the tran-
sition from pi to �i . The Aharonov–Bohm effect demonstrates that this is not true. 
The experiment demonstrates that an electron interference pattern can be altered by 
a static magnetic flux that only exists inside a shielded cylinder, where the wave 
function is zero.

At this point many explanations of the effect (e.g. in [29], and see also Sect. 4) 
turn to emphasize what appears to be the essential part of topological considera-
tions. The effect, according to this approach, only exists because of the non-trivial 
topology of the configuration space of the particle (understood as the region of space 
in which the wave function can get non-zero values), and is explained by it. In this 
kind of explanation the situation is described from the point of view of an observer 
who has no access to the inside of the cylinder, where the flux is. As long as the 
observer limits herself to experiments that are conducted in contractible regions of 
the configuration space, she will not be able to tell whether there is a magnetic flux 
in the cylinder. The effect would only appear once two wave packets go around the 
cylinder, forming a domain that is not simply connected.
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According to the view that is presented here, the equivalence between the effect 
of an interaction and local phase transformation is formal; they are not the same 
thing. Accordingly, the role of topology is descriptive, not fundamental. The heart of 
the matter is the existence of the small region in which � is replaced by � such that [
�i,�j

]
≠
[
pi, pj

]
 . This ensures that one physical situation is replaced by a different 

one. The new situation cannot be regarded as mere different description of the old 
situation. The principle of equivalence implies that locally, in some other regions of 
space-time, the interaction would appear like a change of representation. The fiber-
bundle formalism expresses this local equivalence in the possibility of mapping the 
solutions of the Schrödinger equations in patches of spacetime to solutions of the 
interaction-free equation in these regions. This possibility is useful for the calcula-
tion of the phase shift. It should not be regarded, however, as the reason for it.

It is true that any experiment that is confined to a simply-connected region of 
space in which 

[
�i,�j

]
=
[
pi, pj

]
 cannot reveal the presence of a magnetic field out-

side that region. But this fact does not mean that the remote field does not change 
the physical situations in this region. The Aharonov–Bohm experiment, performed 
in a domain that can be regarded as a union of two such simply-connection regions, 
demonstrates that the relation between the physical situation in one simply-con-
nected region and the physical situation in the other has definitely changed due to 
the electromagnetic interaction.

4 � Conclusion

4.1 � Ontology

The Aharonov–Bohm effect serves to widen the spectrum of possible interpretations 
of the theory of electromagnetism beyond particles and fields.5 One far-reaching 
possibility that was raised in the paper by Aharonov and Bohm [1] is that of tak-
ing the electromagnetic potentials seriously as a fundamental physical entity and 
to “define the physical difference between two quantum states which differ only by 
gauge transformation” (p. 491). Later, Wu and Yang [39] proposed to understand 
electromagnetic interactions in terms of holonomies. Another approach suggests to 
regard the fiber-bundle structure as the fundamental physical entity [2, 23].

These approaches appeal to some hidden structure they posit to exist in the 
world, resembling what Einstein had called a constructive theory approach[10]. The 
observed phenomena are constructed from the simple dynamics of some unobserved 
physical entities whose existence is posited by the theory. (Einstein’s famous exam-
ple is the kinetic theory of gases, which explains thermodynamic properties using 
atoms and molecules, unobservable at the time.) The second approach described 
by Einstein, the principle theory approach, is commonly conceived to stand in con-
trast to the realist thinking that guides the constructive approach. Here empirically 

5  A comprehensive discussion of the different interpretations is given in [3].
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established facts are promoted to fundamental principles, from which the laws of the 
theory are derived.

To conclude, I would like to note that the suggestion made here to replace the 
constructive approach by a principle-theory approach does not mean total renuncia-
tion of the aim to explain the observed phenomena by appealing to physical proper-
ties of the world. Once the success of the generalized principles of relativity and 
of equivalence has been established, we are in a position to ask about the underly-
ing ontological properties. What features of the physical world are reflected in the 
fact that physical situations have many possible mathematical representations? Why 
does every change of representation have a corresponding local change in the world 
that can be realized in an interaction?

A possible answer to both questions can be found in the understanding of gauge 
theories as a manifestation of the relational nature of physical quantities [12, 27]. 
The generalized principle of relativity reflects the claim that the laws of physics 
should depend on the relations between fundamental physical objects, and not on the 
relations of the physical objects to a fictitious mathematical frame of reference. The 
generalized principle of equivalence is valid because for every possible change of a 
relation between a physical object and the mathematical frame of reference which 
is used to describe its state, there is a corresponding possible change of the relation 
between the physical object and another physical object. Interactions cause actual 
changes of the latter type. This correspondence is reflected in the structure of gauge 
theories when the formal role of a connection (a generalization of the concept of a 
frame of reference) is taken by an actual physical field that describes the physical 
configuration.

This relationist approach thus urges us to consider the option that ontologi-
cal questions about electromagnetism and (some) ontological questions about 
quantum theory cannot be resolved in separation from one another.6 Indeed, the 
formal description of the interaction is based upon the canonical momentum 
�� = p� −

q

c
A� , a gauge invariant operator that explicitly represents a local relation 

between the the particle and the electromagnetic state. In contrast to the gauge invar-
iant electromagnetic fields and to the holonomies, both characterize the electromag-
netic situation, the canonical momentum is a genuine relational quantity between 
two objects. The choice of a given gauge amounts to a choice of phase convention 
which divides this quantity into the phase gradient of the particle and the electro-
magnetic potential, but there seems to be no reason to regard this division as more 
than conventional. The observable properties of the particle depend on it, rather than 
on the momentum p� itself. On the electromagnetic side, the components of the 
electromagnetic tensor F�� can be derived from the canonical momentum through 
its commutation relations.

Interestingly, the possibility of canonical-momentum based ontology has not yet 
been seriously considered. A detailed exploration of such a possibility is beyond the 
scope of this article. I shall conclude this section with few comments about some of 
its foundational aspect.

6  Wallace [35] reaches a similar conclusion based on the AB effect.
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The canonical momentum determines the local change in the probability ampli-
tude. Understanding it as a local relation implies that there are two objects: material 
(represented by the probability amplitude) and electromagnetic. The electromag-
netic potential is a representation of the electromagnetic side of the ontology, but 
it is not a physical quantity, just like a coordinate of a classical point particle is a 
representation of the physical property of “location”, even though the value of the 
coordinate is not a physical quantity. The electromagnetic side of the ontology thus 
seems to consist of a field-like object in spacetime. The degrees of freedom that are 
associated with this object are not intrinsic ones, they represent its relation to the 
matter field.

Relationist ontology is often associated with a structural-realist approach accord-
ing to which it is relational structures, rather than objects, which are ontologically 
fundamental (see [26], and especially [25]). In its strong, ontic, form structural real-
ism denies the existence of individual objects, or at least of their intrinsic proper-
ties [11, 13]. This view is most famously supported by the indistinguishability of 
spacetime points and the indistinguishability of quantum particles. The relationist 
understanding of gauge covariance can easily be considered in harmony with the 
general approach of structural realism.7 However, this case is different from these 
two examples. Instead of a structure of binary relations among numerous indistin-
guishable entities, the relation �� is between two different entities (material and 
electromagnetic).

Understanding the interaction in terms of �� seems to suggest that the AB phase 
could be understood as a result of a local interaction despite the fact that it is impos-
sible to observe the phase locally (or more generally, to detect the existence of the 
magnetic field in any contractible domain outside the solenoid). According to the 
relationist view this is analogous to the Galilean ship experiment, in which the 
motion of the objects on board does not suffice to detect the state of the motion of 
the ship. The change can only be detected using an external reference: the shore in 
the ship experiment and the wave function in another domain in the AB case.8 The 
principles thus portray the Aharonov–Bohm phase as a locally generated relation 
between distinct parts of space.

The principle-theory approach to the Aharonov–Bohm effect thus reveals a new 
way to think about the ontology of the electromagnetic interaction. The matter field 
and the interaction field represent two distinct physical objects, but the interaction 
between the two depends on only one fundamental dynamical physical quantity �� , 
which is the relation between them.

8  The Aharonov–Bohm effect (like ’tHooft’s double slit experiment with a phase shifter [33]), is thus 
considered as an observation of (global) gauge symmetry in analogy to the observation of boost-symme-
try in Newtonian mechanics using the Galilean ship experiment. See detailed discussion in [12].

7  Different arguments for structural realism based on the group-theoretic structure of the electromagnetic 
interaction are provided by Lyre [19].

Author's personal copy



132	 Foundations of Physics (2020) 50:120–135

1 3

4.2 � Fiber Bundles, Topology and the Applicability of Mathematics

The structure of general relativity provided the inspiration for the first attempt, by 
Weyl [37], to formulate electromagnetism in terms of gauge. Soon after the intro-
duction of Schrödinger’s theory, it was realized by London [15] that Weyl’s ideas 
can be formulated in terms of quantum phases, which had lead to Weyl’s second 
theory [37]. Weyl showed that the transition from global to local phase invariance 
can facilitate the law of electromagnetic coupling of the electron, in analogy with 
the transition from the special theory of relativity to the general theory. In devel-
oping his theories Weyl was motivated by a philosophical view that favors pure a 
priori mathematical and geometrical considerations as the basis for theories, and 
considered local symmetry transformations as the ultimate expression of such con-
siderations [28]. Some surprising consequences of the electromagnetic gauge theory 
were only revealed later, in the form of the Aharonov–Bohm effect. The common 
topological approach to the effect can be easily seen as based on an aim that may be 
similar to Weyl’s, to explain physical phenomena in mathematical terms. Thus, con-
tinuous symmetries and topological considerations raise in a related way the ques-
tion of the applicability of mathematics to physics.

Wigner [38] has seen the effectiveness of mathematics in physics as an incompre-
hensible miracle, referring in particular to the adequacy of abstract structures such 
as the Hilbert space representation in quantum mechanics. Steiner [31] provided 
a detailed philosophical analysis of the question, in which gauge symmetries and 
the issue of topology are brought as central examples. In these cases (and in some 
others) Steiner is astonished by the success of equations and theories that are con-
structed based on formal analogies, and sees it as a support for anthropocentric, non-
naturalist philosophical view.

This paper, on the one hand, supports Weyl’s analogy by pointing out that the 
electromagnetic interaction of the quantum particle manifests the same principles 
that are manifested by the general theory of relativity, applied to a different state-
space. The generalized principle of relativity repeats a common view on the issue, 
which goes back to Weyl. The formulation presented here emphasizes that it is an a 
priori principle, and that it applies to the theoretical representation of the world, not 
to the world itself.

But on the other hand, the generalized principle of equivalence proposed here 
goes beyond Weyl’s theory, and suggests a very different relation between the physi-
cal and the mathematical than the one that was pursued by Weyl. The mathematical 
transformation which relabels the states is not in itself physically significant, it is the 
corresponding active transformation that takes an identical form and represents an 
actual change in the world. The existence of such a possible change, and the exist-
ence of an object with respect to which the change can take place, has to be tested 
empirically. There is no a priori reason why would the gravitational mass equal 
the inertial mass, nor for the locally similar structure of interactions and coordinate 
transformations. The principle of equivalence therefore expresses a kind of a guess-
work. It is constructed at first with the purpose of satisfying the general principle of 
relativity, and its consequences have to be ultimately justified on empirical grounds.
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In general relativity coordinate transformations are directly equivalent to some 
ways in which the gravitational interaction can change space-time, not to the change 
caused by a general gravitational field. The analogy with electromagnetism is 
clear. A change of basis (8) is not equivalent to the introduction of a general elec-
tromagnetic field, but only to a special case of it. This is because of the condition 
�� = −ℏ��� that is implicit in the definition of a change of basis. The general form 
of the interaction is obtained by omitting this condition in the transformation (13). 
Interestingly, it is exactly the Aharonov–Bohm effect that demonstrates that even 
those interactions that satisfy the condition, and are thus locally equivalent to a 
change of representation, are actual interactions that can make an observable differ-
ence, and should therefore be understood as changing the physical state.

Thus, the active view of the transformation also plays a crucial role in under-
standing the applicability of topological considerations. The point here is not the 
manner in which topology helps to understand the properties of the interaction,9 but 
rather that the nature of the physical interaction, as it is expressed by the generalized 
principle of equivalence, helps us to understand the applicability of topology.

Allowing the phase-convention to change according to (8), the generators of pas-
sive translations in the configuration space of the particle are the 3 operators 
−i

�

�xj
+

��

�xj
 . That means that passive infinitesimal translation �� transforms �(�, t) 

into �(� + �r, t)ei��⋅∇�(�,t) . The function � defines the change in the phase conven-
tion, and the second term in the generator of translations reflects the change of phase 
due to the local change of convention. The term convention is justified since the 
choice of � makes no observable difference. In other words, ∇� amounts to a flat 
connection. Active translation is understood here as a transport of the wave function 
in space with respect to other physical objects (e.g. the solenoid).10 This is an actual 
change in the state, and therefore the phase can change in a more general way, such 
that �(�, t) would be transformed into �(� + ��, t)ei��⋅�(�,t) , with � a general func-
tion. The common analysis of the experiment regards the change of the wave packets 
as a sequence of such active transformations.11 Here � plays the role of a general 
connection, which is then reinterpreted as a representation of the magnetic field.

The difference-maker in the experiment is obviously the region of space in which 
the existence of the magnetic field introduces curvature to the connection of the U(1) 
principal bundle over configuration space. The existence of this region implies that 
the entire situation is not equivalent to a free particle, and the existence of observ-
able consequences (in the form of a shift of the interference pattern or a change in 
the energy levels) should therefore come as no surprise. The principle asserts that 
locally the interaction has the same form as a change of basis, not that it is glob-
ally equivalent to it. Topology and the fiber-bundle formalism allow for a convenient 
mathematical description which expresses this difference between local and global 

9  This issue is the subject of the lion’s of the contemporary philosophical discourse about the topological 
approach to the effect, see for example [23, 30] and references therein.
10  See Footnote 3.
11  This is an approximation assuming that the wave packets are fast, such that they do not change their 
form during the experiment.
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characteristics. It should not be regarded as more than a convenient mathematical 
description of the physical properties of the interaction.

Symmetry and topology are mathematical notions whose applicability to physics 
is often portrayed as mysterious or even miraculous. The principles proposed in this 
paper aim at removing that mystery by establishing a connection between passive 
mathematical transformations and active changes in the world, and noting that while 
they share a similar form, they thoroughly differ in their meaning.

Acknowledgements  I would like to thank Yemima Ben-Menahem and Daniel Rohrlich for their guid-
ance and advice, and an anonymous reviewer for his helpful feedback. This research was supported by 
the Israel Science Foundation (Grant No. 1190/13) and by The Open University of Israel’s Research Fund 
(Grant No. 41240).

References

	 1.	 Aharonov, Y., Bohm, D.: Significance of electromagnetic potentials in the quantum theory. Phys. 
Rev. 115(3), 485 (1959)

	 2.	 Arntzenius, F.: Space, Time, and Stuff. Oxford University Press, Oxford (2014)
	 3.	 Belot, G.: Understanding electromagnetism. Br. J. Philos. Sci. 49(4), 531–555 (1998)
	 4.	 Ben-Menahem, Y.: Symmetry and causation. Iyyun 61, 193–218 (2012)
	 5.	 Brown, H.R.: Aspects of objectivity in quantum mechanics. In: Butterfield, J., Pagonis, C. (eds.) 

From Physics to Philosophy. Cambridge University Press, Cambridge (1999)
	 6.	 Dirac, P.A.M.: The Principles of Quantum Mechanics, 4th edn. Oxford University Press, London 

(1958)
	 7.	 DiSalle, R.: Space and time: inertial frames. In: Zalta, E.N. (ed.) The Stanford Encyclopedia of Phi-

losophy, Winter, 2016th edn. Stanford University, Metaphysics Research Lab (2016)
	 8.	 Earman, J.: World Enough and Space-Time: Absolute Versus Relational Theories of Space and 

Time. The MIT Press, Cambridge (1989)
	 9.	 Einstein, A.: Die Grundlage der allgemeinen relativitätstheorie Annalen der Physik: English transla-

tion in Lorentz H.A. et al.: The Principle of relativity. Methuen and Company, London 1923, 111–
164 (1916)

	10.	 Einstein, A.: What is the theory of relativity. The London Times (1919). Reprinted in Einstein, A.: 
Ideas and opinions. Crown Publisher, New York (1954)

	11.	 French, S., Ladyman, J.: Remodelling structural realism: quantum physics and the metaphysics of 
structure. Synthese 136(1), 31–56 (2003)

	12.	 Hetzroni, G.: Gauge and ghosts. Br. J. Philos. Sci. (2019). Forthcoming. https​://doi.org/10.1093/
bjps/axz02​1

	13.	 Ladyman, J.: What is structural realism? Stud. Hist. Philos. Sci. 29(3), 409–424 (1989)
	14.	 Lange, L.: On the law of inertia. Eur. Phys. J. H 39(2), 251–262 (2014). Translation of “Über das 

Beharrungsgesetz” (1885), translated by Herbert Pfister
	15.	 London, F.: Quantenmechanische deutung der theorie von Weyl. Zeitschrift für Physik A Hadrons 

and nuclei 42, 375 (1927). English translation, ‘Quantum-mechanical interpretation of Weyl’s the-
ory’ in O’Raifeartaigh, L.: The dawning of gauge theory. Princeton University Press (1997)

	16.	 Lyre, H.: A generalized equivalence principle. Int. J. Mod. Phys. D 9(06), 633–647 (2000)
	17.	 Lyre, H.: The principles of gauging. Philos. Sci. 68(S3), S371–S381 (2001)
	18.	 Lyre, H.: On the equivalence of phase and field charges. arXiv preprint hep-th/0303259 (2003)
	19.	 Lyre, H.: Holism and structuralism in U(1) gauge theory. Stud. Hist. Philos. Sci. Part B: Stud. Hist. 

Philos. Mod. Phys. 35(4), 643–670 (2004)
	20.	 Meli, D.B.: The emergence of reference frames and the transformation of mechanics in the enlight-

enment. Hist. Stud. Phys. Biol. Sci. 23(2), 301–335 (1993)
	21.	 Norton, J.: What was einstein’s principle of equivalence? Stud. Hist. Philos. Sci. 16(3), 203–246 

(1985)

Author's personal copy

https://doi.org/10.1093/bjps/axz021
https://doi.org/10.1093/bjps/axz021


135

1 3

Foundations of Physics (2020) 50:120–135	

	22.	 Norton, J.: General covariance and the foundations of general relativity: eight decades of dispute. 
Rep. Prog. Phys. 56(7), 791–861 (1993)

	23.	 Nounou, A.M.: A fourth way to the Aharonov-Bohm effect. In: Brading, K., Castellani, E. (eds.) 
Symmetries in Physics: Philosophical Reflections. Cambridge University Press, Cambridge (2003)

	24.	 Redhead, M.: The interpretation of gauge symmetry. In: Brading, K., Castellani, E. (eds.) Symme-
tries in Physics: Philosophical Reflections. Cambridge University Press, Cambridge (2003)

	25.	 Rickles, D., French, S.: Quantum gravity meets structuralism: Interweaving relations in the founda-
tions of physics. In: Rickles, D., French, S., Saatsi, J.T. (eds.) The Structural Foundations of Quan-
tum Gravity, pp. 1–39. Oxford University Press, Oxford (2006)

	26.	 Rickles, D., French, S., Saatsi, JTe: The Structural Foundations of Quantum Gravity. Oxford Univer-
sity Press, Oxford (2006)

	27.	 Rovelli, C.: Why gauge? Found. Phys. 44(1), 91–104 (2014)
	28.	 Ryckman, T.A.: The philosophical roots of the gauge principle: Weyl and transcendental phenom-

enological idealism. In: Brading, K., Castellani, E. (eds.) Symmetries in Physics: Philosophical 
Reflections. Cambridge University Press, Cambridge (2003)

	29.	 Ryder, L.H.: Quantum Field Theory. Cambridge University Press, Cambridge (1996)
	30.	 Shech, E.: Idealizations, essential self-adjointness, and minimal model explanation in the Aharonov-

Bohm effect. Synthese 195(11), 4839–4863 (2018)
	31.	 Steiner, M.: The Applicability of Mathematics as a Philosophical Problem. Harvard University 

Press, Harvard (1998)
	32.	 Teller, P.: The gauge argument. Philos. Sci. 67, S466–S481 (2000)
	33.	 ’t Hooft, G.: Gauge theories of the forces between elementary particles. Sci. Am. 242(6), 90–116 

(1980)
	34.	 Viefers, S., Koskinen, P., Deo, P.S., Manninen, M.: Quantum rings for beginners: energy spectra and 

persistent currents. Physica E 21(1), 1–35 (2004)
	35.	 Wallace, D.: Deflating the Aharonov-Bohm effect. arXiv preprint arXiv​:1407.5073 (2014)
	36.	 Weyl, H.: Gravitation and electricity. Sitzungsber. Königl. Preuss. Akad. Wiss. 26, 465–480 (1918)
	37.	 Weyl, H.: Elektron und gravitation. i. Zeitschrift für Physik A Hadrons and Nuclei 56(5), 330–352 

(1929)
	38.	 Wigner, E.: The unreasonable effectiveness of mathematics in the natural sciences. Commun. Pure 

Appl. Math. 13(1), 1–4 (1960)
	39.	 Wu, T.T., Yang, C.N.: Concept of nonintegrable phase factors and global formulation of gauge 

fields. Phys. Rev. D 12(12), 3845 (1975)

Publisher’s Note  Springer Nature remains neutral with regard to jurisdictional claims in published 
maps and institutional affiliations.

Author's personal copy

http://arxiv.org/abs/1407.5073

	Relativity and Equivalence in Hilbert Space: A Principle-Theory Approach to the Aharonov–Bohm Effect
	Abstract
	1 Introduction
	2 The Principles
	2.1 Symmetries: A Generalized Principle of Relativity
	2.2 Non-symmetries: A Generalized Principle of Equivalence

	3 Applying the Principles in Hilbert Space and the AB Effect
	3.1 A Quantum Particle on a Ring
	3.2 A Quantum Particle Coupled to Electromagnetic Field and the Gauge Argument
	3.3 The Dynamical Aharonov–Bohm Effect

	4 Conclusion
	4.1 Ontology
	4.2 Fiber Bundles, Topology and the Applicability of Mathematics

	Acknowledgements 
	References




